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easily can be extended to investigate the dynamic stability behavior
of plate and shells.
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Introduction

P LATE analysis involving higher-order effects such as shear is
an involved and tedious process. Even the considerably sim-

ple and well-known theories such as Reissner’s1 and Mindlin’s2

require solving two differential equations involving two unknown
functions and involve the use of a shear coef� cient for approxi-
mately satisfying the constitutive relationship between shear stress
and shear strain. However, it is possible to take into account the
higher-order effects and yet keep the complexity to a considerably
lower level. Great simpli� cation is possible if axial displacement is
allowedto be in� uencedalso by shear forceand if properuse is made
of the relationships(which always hold, regardless of the plate the-
ory that is used) between moments, shear forces, and loading on the
plate.

In the theory to be developed, the governingdifferentialequation
is of fourth order (as is the case in classical plate theory). In the
governing equation only lateral de� ection, plate physical proper-
ties, and lateral loading are going to � gure. Therefore, the theory
developed will be called the zeroth-order shear deformation theory
(ZSDT) for plates.

The essential differences between Librescu’s3 approach and the
present can be summarized as follows:
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Librescu’s approachmakes use of weighted lateral displacement,
whereas the ZSDT approachuses the lateraldisplacementitself, and
therefore the approach is physically more meaningful.

In contrast to Librescu’s approach, the ZSDT approachutilizes—
right from the formulation stage—only physicallymeaningful enti-
ties, e.g., lateral de� ection and shear forces.

Note that Reissner’s formulation comes out as a special case of
Librescu’s formulation, whereas classical plate theory comes out
as a special case of ZSDT formulation. Therefore, it is the opinion
of the author that, in the context of a � nite element solution of
thin-plateproblems, if � nite elements based on Librescu’s approach
are used, the elements will be prone to shear locking, whereas the
� nite elements based on the ZSDT will be free from shear locking.

Plate Under Consideration
Consider a plate of length a, width b, and thicknessh of homoge-

neous isotropic material. In the o ¡ x ¡ y ¡ z Cartesian coordinate
system, the plate occupies a region

0 · x · a; 0 · y · b; ¡h=2 · z · h=2 (1)

The plate is loadedon surface z D ¡h=2 by a lateral load of intensity
q.x; y/ acting in the z direction. The plate can have any meaning-
ful boundary conditions at edges x D 0; a and y D 0; b. The mod-
ulus of elasticity E , shear modulus G, and Poisson’s ratio ¹ are
related by G D E=[2.1 C ¹/]: The plate rigidity D is de� ned by
D D Eh3=[12.1 ¡ ¹2/]:

Equilibrium Equations for the Plate
The moments Mx ; My , and Mx y and shear forces Qx and Q y are

de� ned as

Mx

My

Mx y

Q x

Q y

D
z D h=2

z D ¡h=2

¾x z

¾y z

¿x y z

¿zx

¿yz

dz (2)

It is worthwhile to note certain relationships between moments,
shear forces, and loading:

@ Mx

@ x
C

@Mx y

@y
¡ Q x D 0 (3)

@ Mxy

@x
C @My

@y
¡ Q y D 0 (4)

@ Qx

@x
C @ Q y

@y
C q D 0 (5)

Equations (3–5) can be construed to be the gross equilibrium equa-
tions for any plate. As such, in the context of the classical plate
theory, Eqs. (3–5) are well-known relations.4 Note that the rela-
tions hold for any plate theory including any higher-order plate
theory.

Assumptions for ZSDT for Plates
The following are the assumptions involved in respect to ZSDT:
1) The displacementsare small, and thereforethe strains involved

are in� nitesimals.
2) The lateral displacement w is a function of coordinates x and

y only.
3) In general, stress ¾z is negligible in comparison with ¾x and

¾y . Therefore, for linearly elastic isotropic material it is possible to
use the relations

¾x D [E=.1 ¡ ¹2/].²x C ¹²y/

¾y D [E=.1 ¡ ¹2/].²y C ¹²x /

4) The displacement u in the x direction and displacement v in
the y direction each consists of two components.
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a) Linear components: The linear component of displacement
u and that of displacement v are analogous, respectively, to the
displacements u and v given by the classical plate theory.

b) Shear components: The shear component of displacement u
and that of of displacementv are such that

i) they give rise to a parabolic variation of shear stresses ¿zx and
¿yz across the cross section of the plate such that the shear stresses
are zero at z D ¡h=2 and at z D h=2.

ii) shear stresses ¿zx and ¿yz satisfy the following:

z D h=2

z D ¡h=2

¿zx dz D Q x ;

z D h=2

z D ¡h=2

¿yz dz D Q y

5) Body forces are assumed to be zero. (They can be treated as
external forces without much loss of accuracy.)

Displacements, Moments in ZSDT
On the basis of the assumptions made, it is easy to write
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w D w.x; y/ (8)

Using displacement equations (6–8), assumptions made in re-
spect to ZSDT for plates, and the equilibrium equations (3–5), one
can obtain the expressions for the strains and stresses (strains and
stresseswill have linear and nonlinearcomponents); and using these
one can write expressions for Mx , My , Mx y :
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Governing Equations and Boundary
Conditions in ZSDT

Using Eqs. (9–11) in Eqs. (3) and (4), one gets
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Using Eqs. (12) and (13) in Eq. (5), one gets
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Equation (14) can be considered to be the governingequationof the
plate.

Study of Eqs. (12–14) reveals that shear forces Q x and Q y are
given by
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The expressions for all moments Mx ; My , and Mx y and shear
forces Q x and Q y now have been obtained.

Now some typicalboundaryconditionsare discussedfor the edge
x D a. Boundary conditions for other edges will follow a similar
pattern.

If edge x D a is simply supported, then the following conditions
hold:

[w]x D a D 0; [Mx ]x D a D 0

If edge x D a is free, then the following conditions hold:

[Mx ]x D a D 0; Qx C
@ Mx y

@y
x D a

D 0

If edge x D a is clamped, then two types of boundary conditions
analogous to those discussed by Timoshenko and Goodier,5 in the
context of the two-dimensional theory of elasticity approach for
beam analysis, are feasible. In both types, displacementw is zero at
the edge x D 0. In one type, slope @w=@x is zero,whereas in another
type, slope [@u=@z]z D 0 is zero at the edge; this results in specifying
the slope @w=@x at the edge. The boundary conditions are

EITHER [w]x D a D 0;
@w

@x
x D a

D 0

OR [w]x D a D 0;
@w

@x
x D a

D 3.1 C ¹/

Eh
[Q x ]x D a

Example
Consider a plate of length a, width b, and thicknessh of homoge-

neous isotropic material. In an o ¡ x ¡ y ¡ z Cartesian coordinate
system, the plate occupies a region de� ned by expressions (1). The
plate has simply supported boundary conditions at edges x D 0, a
and y D 0; b. The plate is loaded on surface z D ¡h=2 by a lateral
load of intensity q.x/ acting in the z direction, given by

q.x/ D qo sin.¼ x=a/ sin.¼ y=b/ (17)

Using Eqs. (14) and (17), the governingequation for the problem
then is obtained as
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The boundary conditions for the given problem can be stated as

[w]x D 0 D 0; [Mx ]x D 0 D 0; [w]x D a D 0

[Mx ]x D a D 0; [w]y D 0 D 0; [My]y D 0 D 0

[w]y D b D 0; [My]y D b D 0

For the problem under consideration, it can be seen that all of
the boundary conditions get satis� ed if the solution is taken in the
formw D C sin.¼ x=a/ sin.¼ y=b/, whereC is anunknownconstant.
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Using this form in Eq. (18), one can � nd C and then obtain the
expression for w:

w D qo 1 C
h2¼ 2
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1
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When a D 1, b D 1, h D 0:1, and ¹ D 0:3, the following is
observed:

The de� ection w at .x D 0:5, y D 0:5) obtained using ZSDT
.296:0674qoh=E ) differs from the exact-theory6;7 de� ection
.294:2375qoh=E/ only by 0.62%, whereas use of classical plate
theory gives the de� ection .280:2613qoh=E/, which differs from
the exact-theoryde� ection by ¡4:75%.

Tensile � exural stress ¾x at (x D 0:5, y D 0:5, z D 0:05) obtained
by ZSDT differs from the exact-theory stress by only 0.50%,
whereas use of classical plate theory gives the stress ¾x , which
differs from the correspondingexact-theory stress by ¡1:43%.

Maximum shear stress ¿zx at the midpoint of edge x D 0, i.e., at
x D 0, y D 0:5, z D 0, classical plate theory gives shear stress ¿zx ,
which is identical up to seven signi� cant places to that obtained by
ZSDT. Exact-theory results are not available. Note that, unlike in
classical plate theory, in ZSDT for plates, the constitutive relation-
ship between shear stress and shear strain is satis� ed completely.

Conclusions
The developmentof a simple and easy-to-use ZSDT for plates is

presented. Use of ZSDT for plates has the following advantages:
1) The governing equation is a fourth-order ordinary differential

equation involving lateral de� ection and loading.Lateral de� ection
is the only unknown function.

2) The transverse shear stresses and shear strains satisfy the con-
stitutive relation at all points.

3) Shear stresses satisfy zero shear stress conditions at the top
and bottom surfaces of the plate.

4) Unlike Reissner’s1 theory or Mindlin’s2 theory, it does not
require the use of a shear coef� cient.

5) The bending stresses have nonlinear components similar to
that in higher-order theories.

6) The formulation is capable of dealing with two types of

clamped-end conditions. (This is similar to the two types of
clamped-end conditions involved in the two-dimensional theory of
elasticity approach for beam analysis.)

7) Right from the formulation stage, only physically meaningful
entities, e.g., lateral de� ection and shear forces, are involved.

8) The efforts involved in getting the solution by ZSDT approach
are only marginally greater than the efforts involved with respect to
classical plate theory.

9) The classicalplate theory comes out as a special case of ZSDT
formulation. Therefore, in the context of a � nite element solution
of thin-plate problems, � nite elements based on the ZSDT will be
free from shear locking.

10) Results obtainedare accurate.The numerical results obtained
in the case of a square plate, even when the thickness-to-sideratio is
0.1, are marginallydifferentfrom those obtainedusing exact theory.
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